A spherical t-design is a set of points on the sphere that are nodes of a positive equal weight quadrature rule having algebraic accuracy t for all spherical polynomials with degrees ≤ t. Spherical t-designs have many distinguished properties in approximations on the sphere and receive remarkable attention. Although the existence of a spherical t-design is known for any t ≥ 0, a spherical design is only known in a set of interval enclosures on the sphere [15] for t ≤ 100. It is unknown how to choose a set of points from the set of interval enclosures to obtain a spherical t-design. In this paper we investigate a new concept of point sets on the sphere named spherical t ǫ -design (0 < ǫ < 1), which are nodes of a positive weight quadrature rule with algebraic accuracy t. The sum of the weights is equal to the area of the sphere and the mean value of the weights is equal to the weight of the quadrature rule defined by the spherical t-design. A spherical t ǫ -design is a spherical t-design when ǫ = 0, and a spherical t-design is a spherical t ǫ -design for any 0 < ǫ < 1. We show that any point set chosen from the set of interval enclosures [15] is a spherical t ǫ -design. We then study the worst-case errors of quadrature rules using spherical t ǫ -designs in a Sobolev space, and investigate a model of polynomial approximation with the l 1 -regularization using spherical t ǫ -designs. Numerical results illustrate good performance of spherical t ǫ -designs for numerical integration and function approximation on the sphere.
Introduction
For a d-dimensional sphere
where · 2 means the Euclidean norm, a spherical t-design [17] for a given positive integer t is a set of N points X N = {x 1 , . . . ,
holds for all spherical polynomials p with degree ≤ t, in which |S d | is the area of S d and dω d is the surface measure. For a numerical integration rule on the sphere, we say that the rule has algebraic accuracy t, or the rule is of t-algebraic accuracy, if the rule integrates all spherical polynomials with degree ≤ t exactly. A spherical t-design establishes a positive equal weight quadrature rule with algebraic accuracy t for numerical integration on the whole sphere, which is also proved to perform well for numerical integration of spherical functions belonging to Sobolev spaces, see [12] for detail. The existence of spherical t-designs for arbitrary degree t was proved by Seymour et al [26] in 1984. Consequently, a natural problem is to find the minimal number of points such that (1) holds for fixed t and d, denoted as N (d, t). In 1993, Korevaar et al [22] proved that N (d, t) ≤ C d t (d 2 +d)/2 and conjectured that N (d, t) ≤ C d t d for a sufficiently large positive constant C d depending only on d. This conjecture was then proved by Bondarenko et al [10] in 2011. For d = 2, there is an even stronger conjecture by Hardin et al [19] saying that N (2, t) ≤ 1 2 t 2 + o(t 2 ) as t → ∞. Numerical evidence supporting the conjecture was also given in [19, 27] . Spherical t-designs have been extensively studied from various viewpoints, among which the application to polynomial approximation and the number of points needed to construct a spherical t-design have been paid great attention, see [2, 3, 5, 6, 7, 8, 15, 19, 22, 27] . Moreover, numerical methods have been developed for finding spherical t-designs. Usually in those methods finding spherical designs is reformulated to problems of solving a system of nonlinear equations or optimization problems, see [2, 18, 27] . Numerical results suggest that those methods can find approximate spherical t-designs with high precision.
However, in general, for any given t the exact location of a spherical t-design X N = {x 1 , . . . , x N } is unknown. The best we know is that there is a set of pointsx i , i = 1, . . . , N such that a set of narrow intervals defined by
can be computed to contain a spherical t-design for d = 2, N = (t + 1) 2 and t ≤ 100 in [15] , where C(x i , γ i ) = {x ∈ S 2 | cos −1 (x ·x i ) ≤ γ i }.
Among all the spherical polynomials with degree ≤ t, if the zero polynomial is the only one that vanishes at each point in the set X N ∈ S 2 , then the point set X N ∈ S 2 is said to be fundamental with order t. In 2011, Chen et al [15] proposed a computational-assisted proof for the existence of spherical t-designs on S 2 with N = (t + 1) 2 for all values of t ≤ 100. An interval arithmetic based algorithm is proposed to compute a series of sets of polar coordinates type interval enclosures containing fundamental spherical t-designs. By choosing the center points of each interval enclosures, an approximate spherical t-design can be obtained and numerical results show that the Weyl sums of these point sets are very close to 0. However, though we have known the existence of spherical t-designs for t ≤ 100 and N = (t + 1) 2 in a set of interval enclosures, we still can not obtain an exact spherical t-design in the set of interval enclosures for a positive equal weight quadrature rule with algebraic accuracy t. Motivated by this problem, in this paper we relax the equal weights to the ones whose mean value is still 
is exact for all spherical polynomials p of degree at most t, that is,
The concept of spherical t ǫ -designs establishes a bridge of spherical t-designs and ordinary positive weight quadrature rules with algebraic accuracy t.
Remark 2. A spherical t-design is a spherical t 0 -design with ǫ = 0. By letting p(x) ≡ 1 in (3) we can obtain
Since the existence of spherical t-designs has been proved for arbitrary t, and a spherical t-design is also a spherical t ǫ -design for arbitrary 0 ≤ ǫ < 1, we have the existence of spherical t ǫ -designs. Due to the relaxation of the weights w, an important advantage is that we can have a positive weight quadrature rule with algebraic accuracy t. Moreover, our numerical experiments show that with the increase of ǫ we can get numerical integration with polynomial precision using fewer points than spherical t-designs.
The rest of this paper is organized as the following. In Section 2, we discuss the relationship between spherical t ǫ -designs and spherical t-designs when they are fundamental systems with same number of points. Based on the results we study the sets of interval enclosures containing fundamental spherical t-designs in Section 3. We prove that all point sets arbitrarily chosen in those sets of interval enclosures computed in [15] are spherical t ǫ -designs. In Section 4, we analyze the worst-case errors of spherical t ǫ -designs for numerical integration on the unit sphere S 2 . Numerical results show that compared with the equal weight quadrature rules using spherical t-designs, the worst-case errors can be improved with relaxing the weights to define quadrature rules using spherical t ǫ -designs. In Section 5, we investigate an l 2 − l 1 regularized weighted least squares model for polynomial approximation on the two-sphere using spherical t ǫ -designs and present numerical results to demonstrate the efficiency of the l 2 − l 1 model.
In this paper we concentrate on the case d = 2. Throughout the paper we assume that all the points in a point set on the unit sphere are distinct. The computation is implemented in Matlab 2012b and done on a Lenovo Thinkcenter PC equipped with Intel Core i7-3770 3.4G Hz CPU, 8 GB RAM running Windows 7.
Spherical t ǫ -designs: neighborhood of spherical t-designs
In this section we will study the relationship between spherical t ǫ -designs and spherical t-designs when they are both fundamental systems and have the same number of points. A spherical tdesign defines an equal weight quadrature rule with algebraic accuracy t while a spherical t ǫ -design defines a positive weight quadrature rule with algebraic accuracy t. Based on these two properties, in this section we study a neighborhood of spherical t-designs. Denote
as the space of all spherical polynomials with degree ≤ t on the unit two-sphere S 2 . Here Y ℓ,k is a fixed L 2 -orthogonormal real spherical harmonic of degree ℓ and order k, which means
where dω(x) = dω 2 (x), and δ ℓ,ℓ ′ is the Kronecker delta. It is well known that
By the addition theorem we have
which implies
, where P ℓ , ℓ ≥ 0 denotes the Legendre Polynomial and x · y denotes the Euclidean inner product. Hence we obtain
Indeed, a spherical coordinate form of real spherical harmonics can be represented as (see [1, 4] )
where 0 ≤ θ ≤ π, 0 ≤ ϕ < 2π and N ℓ,k are the normalization coefficients
When taking k = ℓ + 1 and θ = 0 we can obtain Y ℓ,ℓ+1 (x) ≡ 2ℓ+1 4π with x = (0, 0, 1) T . Therefore, (7) is a sharp upper bound of Y ℓ,k C(S 2 ) . With the fact that all spherical harmonics are a basis of P t we have that a finite point set X N = {x 1 , . . . , x N } is a spherical t-design if and only if the Weyl sums
hold, see [17, 27] for details. Let
be two point sets on the sphere. To describe the relationship among points and point sets, we introduce the following definitions of distances.
Define the geodesic distance between two points
2. Define the separation distance of a point set X N as
which represents the minimal geodesic distance between two different points in X N .
3. Define the least distance from a point x ∈ S 2 to a point set X N as
which can be seen as the geodesic distance from x to its projection on X N .
4.
Define the Hausdorff distance between two point sets X N and X ′ N by
Note that σ(
Remark 3. For two point sets X N and
On account of the relationship between C(x i , 
Note that |S 2 | = 4π. An equivalent condition of spherical t ǫ -designs given in [14] states that a point set X ǫ N := {x ǫ 1 , . . . , x ǫ N } ⊂ S 2 is a spherical t ǫ -design if and only if
where e 1 = (1, 0, . . . , 0) T ∈ R (L+1) 2 and e = (1, . . . , 1) T ∈ R N . For two matrices constructed by two near enough point sets on S 2 we have the following property.
Proposition 4. For any two point sets
where Y(X N ), Y(X ′ N ) ∈ R N ×dt are matrices defined by (11) which depend on t.
Proof. For a point x i ∈ X N , by Remark 3 we let x ′ i be the unique point located in C(
Let Q ℓ,k be the restriction of Y ℓ,k on the great circle through these two points. Then Q ℓ,k is a trigonometric polynomial on the sphere and by Bernstein's inequality [11] and (7) we obtain
where the last inequality is obtained by (7) . Together with (13) and (14) we have
Given a number σ * ≥ 0, denote the neighborhood of X 0 N with radius σ * by
The following lemma indicates that any point set contained in a small enough neighborhood of a fundamental spherical t-design is a fundamental spherical t ǫ -design.
Lemma 5. Let X 0 N be a fundamental spherical t-design with order t and N = (t + 1) 2 . Then any point set X N ∈ C(X 0 N , σ * ) is a fundamental spherical t ǫ -design with
where
Proof. This lemma can be proved by showing that for any point set X N ∈ C(X 0 N , σ * ) we have
in which Y(X N ) is nonsingular and w − 4π N e ∞ < 4π N . From Proposition 4 for any point set X N with σ(X N , X 0 N ) < σ * we have
Hence Y(X N ) is nonsingular, that is, X N is a fundamental system with order t.
By the fact that X 0 N is a fundamental spherical t-design and (9) we have
Together with the well known perturbation theorem of linear systems in [30, Theorem 2.3.9, pp.135] and
Therefore, we obtain
Hence the vector w is positive which implies that X N is spherical t ǫ -design with ǫ satisfying (15).
Based on above lemma we can deduce the following result which describes an upper bound of the radius of the neighborhood of a fundamental spherical t-design, in which any point set located in the neighborhood is a fundamental spherical t ǫ -design.
Corollary 6. Let X 0 N be a fundamental spherical t-design with order t and N = (t + 1) 2 . For any 0 ≤ ǫ < 1, if
then X N is a fundamental spherical t ǫ -design.
Proof. By the fact that σ(X N , X 0 N ) < σ * which is defined in (16), we have Y(X N ) is nonsingular and
Hence, from (20), we derive
We complete the proof.
Interval analysis of spherical t-designs and spherical t ǫ -designs
In this section we will study the sets of interval enclosures containing fundamental spherical t-designs. In the last section we describe a neighborhood of a fundamental spherical t-design in which any point set is a fundamental spherical t ǫ -design. A series of sets of interval enclosures of spherical t-designs can be computed in [15] , but the exact location of spherical t-designs can not be obtained. In the following we will show that any point set in the set of the interval enclosures given in [15] is a fundamental spherical t ǫ -design. Let
be a set of spherical caps, withx i as the center point and γ i as the radius. Additionally, let X N = {x 1 , . . . ,x N } ⊂ S 2 be the set of center points. Define the radius of X N by
and the separation distance of X N by
We say that X N is an interval enclosure of a point set
Assumption 7. Let X N defined by (21) be a set of intervals. Assume that
The assumption that Y(X N ) is nonsingular also implies that Y(X N ) is a square matrix which requires N = (t + 1) 2 . In the following theorem we show that under Assumption 7 if rad(X N ) is smaller than a certain number, then Y(X N ) is nonsingular and (20) holds for any
Proof. For any X N ∈ X N it can be concluded that
Hence for any two point sets X N , X ′ N ∈ X N we have
First we show that Y(X N ) is nonsingular for any X N ∈ X N . By Proposition 4 we have
Hence all the point sets X N ∈ X N including X 0 N are fundamental systems with order t. Moreover, from (23) we have
By Corollary 2.7 in [29, pp.119] it can be concluded that for arbitrary X N ∈ X N we have
Then together with Proposition 4 we have
By Corollary 6 we have that any point set X N ∈ X N is a fundamental spherical t ǫ -design. Additionally, together with
and (24) we have
Then we have that any point set X N ∈ X N is a spherical t ǫ -design with
under the assumption of rad(X N ).
Theorem 8 proves that an arbitrarily chosen point set in a set of interval enclosures of a fundamental spherical t-design is a spherical t ǫ -design if rad(X N ) is smaller than a certain number. In the theorem we discuss the interval enclosures defined by spherical caps as [x] i = C(x i , γ i ) = {x ∈ S 2 | cos −1 (x·x i ) ≤ γ i } for which many nice properties of real spherical harmonics can be adopted. However, in practice, to reduce the spherical constraint of points and the dimension of variables, the spherical coordinate form of the points are preferable to compute the interval enclosures, see [15] . For a point x i ∈ X N ⊂ S 2 , denote θ i , ϕ i as its spherical coordinate. Then in [15] a series of intervals [θ] 
N } is a set of interval enclosures of a well-conditioned spherical t-design [2] , in which each element in Z N is defined by
In this sense, different from the interval enclosures defined by the spherical caps, each interval enclosure computed in [15] is a rectangle as [θ] i × [ϕ] i . Therefore, there remains a gap between real computation of interval enclosures of spherical t-designs and our analysis above. Naturally, a strategy to overcome this gap is that for each spherical rectangle in [15] we construct a spherical cap which is as small as possible to cover it. For the spherical rectangle
its four vertices can be written as
It can be shown that there exists a pointx i defined by
and 
It is obvious to obtain that the distance betweenx i and any point in [z] i does not exceed the maximum of the four distances in (29) . Therefore, if we let
then we have
Consequently, we call the set of spherical caps (28) and (30) . Similar with set of spherical caps X N , we define the radius and separation distance of Z N by
and
And then we have the following corollary for the lower bound of ǫ for Z N .
Corollary 9. Let Z N be a set of spherical rectangle and its cap-coverX N satisfy Assumption 7. Then any point set X N ∈ Z N is a fundamental spherical t ǫ -design with
The proof of the corollary follows the same manner of Theorem 8. Based on Corollary 9, the lower bounds of ǫ, denoted by ǫ, for the sets of interval enclosures provided in [15] can be computed. The data containing the sets of interval enclosures for the parameterization of the spherical t-designs and relative programs can be downloaded from the website http://www-ai.math.uni-wuppertal.de/SciComp/SphericalTDesigns. The computational results are shown in Fig 3.1 and Table 3.1.
In Fig. 3 .1, we report the lower bounds of ǫ, denoted as ǫ, for sets of interval enclosures computed in [15] for t = 2, . . . , 100 (for t = 1 we have known that the regular tetrahedron is a spherical t-design so that ǫ = 0 and we would not consider this case here), based on formula (34). In this figure we also plot a function
to approximately estimate the track of ǫ with respect to t. From the figure we can conclude that the lower bound of ǫ grows with the increase of t in an order about 6.9. Additionally, by (34) it is known that the norm of Y(X N ) −1 is also very important in the process of estimating ǫ. Fortunately, since the sets of interval enclosures computed in [15] seek to include wellconditioned spherical t-designs [2] , the growth of lower bounds of ǫ keeps stable for all the t considered here. We also report some information of the interval enclosures and their theoretical lower bounds of ǫ for some selected t in Table 3 .1. Not only ǫ but also the radii and separation distances of X N are also shown in the table. We can see that the radius of each interval enclosure is far smaller than their separation distance, which means that the assumptions in the above lemmas and theorems are satisfied. For a fixed t, the set of center points for each interval ([θ] i , [φ] i ) ∈ Z N , i = 1, . . . , N , denoted asX N = {x 1 . . . ,x N }, withx i defined by (28) , can be regarded as an approximation of a fundamental spherical t-design. For each new point setX N we compute ǫ by (34) so that the equality holds exactly. As shown in the table, the values of ǫ for eachX N are all very small positive numbers, and grow with the increase of t. This means thatX N which is selected properly from the interval enclosures is a spherical t ǫ -design.
Remark 10.
To obtain an approximate spherical t-design as accurate as possible, in [15] the radius of the set of interval enclosures rad(Z N ) is computed to a small scale around 10 −10 . With the introduction of the concept spherical t ǫ -designs, it has been shown that any point set selected in Z N is a fundamental spherical t ǫ -design with small enough rad(Z N ) and ǫ is increasing in rad(Z N ). As a result, to reduce the difficulty of computing Z N , one may relax rad(Z N ) to a larger scale with keeping ǫ < 1 holding. Then all point sets selected in Z N are still fundamental spherical t ǫ -designs with 0 ≤ ǫ < 1.
4 Worst-case errors of quadrature rules using spherical t ǫ -designs
In this section we will investigate the worst-case errors for quadrature rules with algebraic accuracy t using spherical t ǫ -designs in Sobolev spaces which are finite-dimensional rotationally invariant subspaces of C(S 2 ). The bizonal reproducing kernel will be used in the analysis, which has been wildely applied to analyze approximations on the sphere [12, 13, 20, 21, 31] . About equal weight quadrature rules, Brauchart et al [12] recently develop a way to compute their worst-case errors in Sobolev spaces. In this section, we intend to extend their method to nonequal but still positive weight quadrature rules and show the performance of spherical t ǫ -designs in numerical integration.
In this section we follow notations and definitions from [12] . Denote the space of square integrable functions on S 2 by L 2 (S 2 ). Then it is a Hilbert space with the inner product
and the induced norm as
The Sobolev space H s (S 2 ) can be defined for s ≥ 0 as the set of all functions f ∈ L 2 (S 2 ) with whose Laplace-Fourier coefficientŝ
where λ ℓ = ℓ(ℓ + 1). Obviously, by letting s = 0 we can obtain H 0 (S 2 ) = L 2 (S 2 ). Then the norm of H s (S 2 ) can be defined as
where the sequence of positive parameters α
Correspondingly, the inner product of H s (S 2 ) can be defined as
For a point set X N and a weight vector w, we define the numerical quadrature rule and the integral of a function f on S 2 as
The worst-case error of the quadrature rule Q[X N , w] on H s (S 2 ) can be defined as [12, 20] 
The Riesz representation theorem and the additional theorem assure the existence of a reproducing kernel of
Together with the property of reproducing kernel K s (·, ·) defined in (46) and the addition theorem, it is shown in [20] that
Assume that Q[X N , w] has algebraic accuracy t. Then with the following equality
the worst-case error could be reformulated as
Reproducing kernels for H s (S 2 ) for s > 1 can be constructed utilizing powers of distances, provided the power 2s − 2 is not an even integer. Indeed, it is known (cf., e.g., [9, 13] ) that the signed power of the distance, with sign (−1) L+1 with L := L(s) := ⌊s − 1⌋, has the following Laplace-Fourier expansion
Thus we have
Note that for a
and when 1 < s ≤ 2, which means L = L(s) = 0, we have a (s)
ℓ > 0 for all ℓ = 1, . . .. Therefore, we regard the left hand side of (51) as the reproducing kernel of H s (S 2 ), which is
and then we obtain
For the case s > 2, we know that a (s) ℓ > 0 does not hold for all ℓ = 1, . . .. In this situation, we let
which changes the signs if the negative coefficients a (s) ℓ in (48). Hence the worst-case error on H s (S 2 ) with s > 2 can be represented as
In what follows we will compute the worst-case errors of quadrature rules using spherical t ǫ -designs with algebraic accuracy t. In this experiment we choose ǫ = 0.1 for spherical t ǫ -designs and use (12) to find a spherical t ǫ -design, which is a system of nonlinear equations. The system can be solved by minimizing its least squares form using a smoothing trust-region filter method proposed in [14] . Note that the number of points needed for constructing spherical t ǫ -designs may decrease with the increase of ǫ. Thus in the computation of spherical t ǫ -designs we always attempt to find the one with a possible minimal number of points, denoted as N (t, ǫ). The detailed process for finding spherical t ǫ -designs can be found in [14] . In the numerical test of computation of spherical t ǫ -designs it is found that a possible minimal number of points satisfies ⌈(t + 1) 2 /3⌉ + 1 ≤ N (t, ǫ) ≤ ⌈(t + 2) 2 /2⌉ + 1. In the numerical test in current and next sections, the spherical t ǫ -designs are chosen with N = N (t, ǫ). 
designs and spherical t-designs
The worst-case errors of quadrature rules using spherical t 0.1 -designs in H s (S 2 ) for s = 1.5 are illustrated in Fig. 2(a) . For comparison, the worst-case errors for quadrature rules using approximate spherical t-designs computed in [27] will also be implemented. For all spherical t 0.1 -designs, the worst-case error with s = 1.5 is calculated using (54) and the distance kernel, and for spherical t-designs the worst-case errors are calculated by relative results in [12] . From the figure we can see that in this case, the computed worst-case errors of approximate spherical tdesigns and spherical t 0.1 -designs essentially lie on the same curve, which remains as a conjecture that the worst-case errors of both spherical t-designs and spherical t ǫ -designs decay in the same speed with respect to the number of points in the case s < 2 on S 2 . Figure 2(b) plots the worst-case errors for both spherical t-designs and spherical t 0.1 -designs with s = 5.5. From the figure we can see that the worst-case errors of spherical t 0.1 -designs decay faster than the ones of spherical t-design with respect to the number of points.
5 Polynomial approximation on the sphere using spherical t ǫ -designs 5.1 Regularized weighted least squares approximation using spherical t ǫ -designs
In this section we consider the restoration of a continuous function f ∈ C(S 2 ) from its noisy values f δ given at N points X N = {x 1 , . . . , x N } ⊂ S 2 by the l 2 − l 1 regularized weighted discrete least squares form
where µ j > 0, j = 1, . . . , N are the weights for each term of the least squares model, λ > 0 is the regularization parameter, and β ℓ,k ≥ 0, ℓ = 0, . . . , L, k = 1, . . . , 2ℓ + 1 are usually chosen with the meaning of certain polynomial operators such as Laplace-Beltrami operator and filtered operator [3, 28] . In [23] both a priori choice based physical reason in satellite gravity gradiometry problem and a posteriori choice based on reproducing kernel theory are considered to choose β ℓ,k . Note that {Y ℓ,k , k = 1, . . . , 2ℓ + 1, ℓ = 0, . . . , L} is a basis of P L . Problem (56) is to find a good approximation of f in P L in the form
and D is a diagonal matrix satisfying D ℓ 2 +k,ℓ 2 +k = β ℓ,k with β ℓ,k ≥ 0. For polynomial approximation on the sphere, an l 2 -regularized weighted least squares model has also been considered [3, 23] min
The regularization of this model is of l 2 norm, which can be seen as a measure of energy. It is known that the l 1 regularization has desirable properties in approximation of nonsmooth continuous functions. An l 1 regularization term is preferable to be considered here. By choosing a suitable penalization term, the l 2 − l 1 regularized model is usually supposed to achieve a more sparse solution than the l 2 − l 2 regularized one, which means that the target function is approximated by less basis spherical polynomials. Additionally, for functions which are globally continuous but locally non-differentiable on the sphere, the l 2 − l 1 regularization is better than the l 2 − l 2 regularization.
Theorem 11. Let X N be a spherical t ǫ -design and w be the vector of weights satisfying (2) and (3) with respect to X N . Let L ≥ 0. For model (57) set µ j = w j for j = 1, . . . , N . Then
and (57) has the unique solution
for ℓ = 0, . . . , L, k = 1, . . . , 2k + 1, where
Proof. Note that when X N is a spherical t ǫ -design,
where the third equality is established by the orthonormality of spherical harmonics. Problem (57) is strictly convex by the fact that H L is nonsingular and so it has a unique optimal solution. Since
is strictly differentiable, by deriving the first optimality condition of (57) and Corollary 1 in [16, Section 2.3], we obtain that its unique optimal solution satisfies
where ∂(·) denotes the subdifferential. By (61) which implies H L = I (L+1) 2 and the fact that D is diagonal, problem (62) is separable and thus α is a solution of (62) if and only if it is a solution of
Denote τ ℓ,k = ∂|α ℓ,k | and hence −1 ≤ τ ℓ,k ≤ 1. Let α * ℓ,k be the optimal solution of (63) with corresponding ℓ and k and hence
When s ℓ,k > λβ ℓ,k we can set τ ℓ,k = 1 and obtain
which together with β ℓ,k ≥ 0 satisfies (60) and (64). When s ℓ,k < −λβ ℓ,k similarly we set τ ℓ,k = −1 and get α * ℓ,k = s ℓ,k + λβ ℓ,k < 0, which also satisfies (60) and (64). Then when s ℓ,k ∈ [−λβ ℓ,k , λβ ℓ,k ] we set τ ℓ,k = s ℓ,k λβ ℓ,k ∈ [−1, 1] and get that α * ℓ,k = 0, which also satisfies (60) and (64). Hence the theorem is proved.
Denote the approximation residual as
Let α * (λ) be the optimal solution of (57) with different regularized parameters λ. The following proposition indicates that A(α * (λ)) is monotonically increasing with respect to λ. Proposition 12. Let X ǫ N be a spherical t ǫ -design with t ≥ 2L and µ j = w j for j = 1, . . . , N . Then A(α * (λ)) is increasing in λ.
Proof. Let λ,λ be given with 0 < λ ≤λ and denote the optimal solution of problem (57) with λ,λ as α * ,α * respectively. Denote E(λ, α) = λ Dα 1 and the minimization property of (57) for λ gives
which implies that
From (60) we have
Since λβ ℓ,k ≥ 0, we have |α * ℓ,k | = max(0, |s ℓ,k | − λβ ℓ,k ). Together by the fact that
Together with (65) we complete the proof.
Numerical experiments
In this subsection we report the numerical results to test the efficiency of the l 2 − l 1 regularized model (57) using spherical t ǫ -designs.
Example 5.1. In the first numerical test, the target function is selected as spherical polynomials with degree no higher than L. Obviously using both models (57) and (58) the target function can be exactly restored when λ = 0 and the data f δ is noise free and the optimal values of the two models equal to 0 in such case. However, due to the noise in the data vector f δ , it is necessary to use the regularization models.
In this experiment we will use the spherical t 0.1 -designs which is calculated by solving a system of nonlinear equation (12) and the approximate spherical t-designs proposed in [27] as the point set for polynomial approximation. Both the uniform errors and L 2 errors are recorded to measure the approximation quality. We choose a large-scaled and well distributed point set X t ⊂ S 2 to be the test set and use it to estimate the errors. Then the uniform error and L 2 error of the approximation are estimated by
where N t denotes the number of points x i in X t . In this experiment, we choose X t to be an equal area partitioning point set [25] with 10 5 points. The matrix D in the experiment is always selected as β ℓ,k = ℓ(ℓ+1) for ℓ = 0, . . . , L, k = 2ℓ+1, inspired by the Laplace-Beltrami operator, see [3] . Fig. 5 .1 shows the approximation errors using both l 2 − l 1 model (57) and l 2 − l 2 model (58) with different λ and different noise scales δ. The noise of the data f δ obeys a uniform distribution in [−δ, δ]. In this numerical experiment a spherical 37 0.1 -design with only 514 points, which is much less than ⌈ (t+1) 2 2 ⌉, is applied to approximate a randomly generated spherical polynomial with degree ⌊ 37 2 ⌋ = 18 (The polynomial is generated with all its Fourier coefficients obeying the standard normal distribution). The regularization parameter λ is chosen from 10 −20 to 10 0.5 . Fig. 5.1 (a)(b) give the errors of the approximation with different λ for δ = 0.1 using the two models. From the two sub-figures it can be seen that model (57) can restore the 18-degree polynomial more accurately than model (58). The minimal error with respect to different λ can be Example 5.2. In the second numerical experiment we test the numerical performance of model (57) using spherical t ǫ -designs and spherical t-designs. We select the Franke function [24] 
to be the target function which is not a spherical polynomial but continuously differentiable on the whole sphere. We set ǫ = 0.1 and also δ = 0.1 in this experiment and the scheme of choosing λ is the same as in Example 5.1. For spherical t 0.1 -designs we select those point sets constructed with possible least points. As is mentioned above, a spherical t 0.1 -design may be constructed using less than ⌈ (t+1) 2 2 ⌉ points. Approximate spherical t-designs proposed in [27] are also applied for comparison. Note that the minimizer of model (57) has an explicit form (60) only when t ≥ 2L, so for different t we choose L = ⌊ t 2 ⌋. For Example 5.2, the approximation errors using both spherical t 0.1 -designs and approximate spherical t-designs are shown in Fig. 5.2 . The X-axis represents the number of points in the data sets and the Y-axis represents the minimal uniform errors. From the figure we can see that approximation using spherical t 0.1 -designs achieves smaller errors than using approximate spherical t-designs in most cases. Based on the numerical results in Fig. 5.2 , the approximation quality can be improved with the relaxation of weights using model (57).
Example 5.3. In the third experiment, a continuous but non-differentiable function
is selected as the target function to approximate, with
where ρ > 0, 0 < r < π. The function is non-differentiable at the edge of the spherical cap C(x c , r). Since the basis functions applied for approximation are spherical harmonic polynomials which is globally differentiable on S 2 , restoration of the edge of C(x c , r) turns to be a challenging problem when the data has noise. A spherical 37 0.1 -design with 514 points is used as the data point set in this experiment. Other settings in this experiment are δ = 0.5, λ = 10 −20 , 10 −19.5 , . . . , 10 5 , x c = (−0.5, −0.5, √ 0.5) T , r = 0.5 and ρ = 1. The restorations of f 2 using both models (57) and (58) 
